Crack growth resistance of shape memory alloys is dominated by the transformation zone in the vicinity of the crack tip. In this study, the transformation toughening behavior of a slowly propagating crack in a shape memory alloy under plane strain conditions and mode I deformation is numerically investigated. A small scale transformation zone is assumed. A cohesive zone model is implemented to simulate crack growth within a finite element scheme. Resistance curves are obtained for a range of parameters that specify the cohesive traction-separation constitutive law. It is found that the choice of the cohesive strength t 0 has a great influence on the toughening behavior of the material. Moreover, the reversibility of the transformation can significantly reduce the toughening of the alloy. The shape of the initial transformation zone, as well as that of a growing crack is determined. The effect of the Young's moduli ratio of the martensite and austenite phases is examined.
Introduction
Shape memory alloys (SMAs) have received much attention in recent years, especially as a result of their various applications in smart structures, actuators, medical devices, space and aeronautics. These materials exhibit extremely SME (T < A s ) , PE occurs as a result of a stress induced transformation (points 2 to 3). If T < A s (point 4), SME resulting from a stress induced transformation (points 5 to 6) is achieved.
PE (T >
large, recoverable strains (of the order of 10%), resulting from transformation between austenitic and martensitic phases. This transformation may be induced by a change, either in the applied stress (stress-induced transformation), the temperature (temperature-induced transformation), or a combination of the two.
From a macroscopic point of view, one may separate the observable behavior of SMAs into two major phenomena. The first one is known as pseudo-elasticity (PE), in which nonlinear elastic behavior is observed (see Fig. 1a ). Here, very large strains upon loading occur, but full recovery is achieved in a hysteresis loop upon unloading. When an SMA experiences the shape memory effect (SME), it exhibits a large residual strain after loading and unloading as illustrated in Fig. 1a . This strain may be fully recovered simply by raising the temperature of the body.
The relationship between the stress and temperature is presented in Fig. 1b . The various temperatures denoted along the abscissa are M f , M s , A s , and A f , respectively, the martensite final and start temperatures, and the austenite start and final temperatures. It should be noted that above the curve denoted with M f , the material is fully martensitic; whereas, below the curve denoted by A f , it is fully austenitic. For further discussion on this topic, see Patoor et al. (2006) . In addition to the phase transformation associated with a temperature change, the transformation may be stress induced. In this case, the phase changes from austenite to martensite upon tensile loading, with constant temperature. This temperature dictates whether shape memory effect or pseudo-elasticity is taking place. If the temperature T > A f with σ = 0 (point 1 in Fig. 1b) , PE occurs. Upon loading, the austenite transforms to martensite (points 2 to 3); once unloading the body, full recovery is observed (see Fig. 1a ), since austenite is the only stable phase at this temperature. If T < A s (point 4 in Fig. 1b) , SME occurs. Similar to PE, the austenite transforms to martensite (points 5 to 6); upon unloading, there is no reverse transformation, since austenite is not a stable phase at this temperature, and residual strains are observed as exhibited in Fig. 1a . If A s < T < A f , a reverse transformation occurs upon unloading, but still some residual strains are observed. For both stress or temperature induced martensite, a hysteresis loop is observed in the stress-strain curve. This loop may be explained using the material stress-temperature relations; for the case of stress induced martensite, the forward and reverse transformation occur in different ranges of stresses. Hence, the recovery followed by the reverse transformation is on a path different from that of the loading path.
Different applications of shape memory alloys may be found in various fields, such as civil engineering (see for example, Janke et al., 2005 , Song et al., 2006 , medical devices (Morgan, 2004) , actuators (Luo and Salvia, 2004) , and in general engineering (Razov, 2004) . This results from their relatively good mechanical properties (high strength, corrosion resistance), bio-compatibility, and a damping capacity which is far greater than that of standard materials. However, there are also several limitations. These alloys are still relatively expensive to manufacture with respect to ordinary metals such as steel and aluminum. Furthermore, they have poor fatigue properties which have been found to be two orders of magnitude lower than those of these metals (see Patoor et al., 2006) . Consequently, SMA devices in which the pseudoelasticity or the shape memory effect are repeated may be designed for only a relatively small number of transformation cycles.
With the increasing use of SMAs in recent years, it is important to investigate the effect of cracks. Theoretically, the stress field near the crack tip is unbounded. Hence, a stress-induced transformation occurs, and the martensite phase is expected to appear in the neighborhood of the crack tip, from the very first loading step. In that case, the crack tip region is not governed by the far field stress, but rather by the crack tip stress field. This behavior implies transformation toughening or softening.
The failure mechanisms of SMAs have been studied in recent years. However, most investigations are experimental, as reviewed by Wilkes and Liew (2000) . In a recent paper by Robertson and Ritchie (2007) , the fracture toughening behavior of an SMA tube was investigated experimentally. Crack resistance curves were obtained which exhibit significant toughening. Only a few theoretical studies on the failure of SMAs have been published. Among them, Yi and Gao (2000) and Yi et al. (2001) examined the transformation toughening of an SMA in mode I and mixed modes. In both cases, the constitutive model presented by Hwang (1993a, 1993b) was used in the analyses following closely that of McMeeking and Evans (1982) for zirconia. The Eshelby equivalent inclusion method was used to obtain the R-curve for several loading cases; no reverse transformation process was considered. An earlier model of Sun et al. (1991) was used by Stam and van der Giessen (1995) to examine the effect of partial and fully reversed transformations on crack growth resistance in the regime of pseudo-elasticity. In their study, they observed substantial transformation toughening, and found that the reverse transformation can significantly reduce the resistance increase. Finally, Yan et al. (2002) examined the effect of transformation volume contraction on the toughening of pseudoelastic shape memory alloys focusing specifically on the case in which there is a residual volumetric transformation strain upon unloading. This case is reminiscent of the well known stress-induced transformation phenomenon in zirconia. However, unlike zirconia, this transformation is characterized by a negative volumetric change; hence, transformation softening occurs. In order to obtain the change in the stress intensity factor, both Stam and van der Giessen (1995) and Yan et al. (2002) used a solution presented by Hutchinson (1974) for two spots of plastically deformed material that are located symmetrically with respect to the crack line. This solution is suitable for the irreversible supercritical case, when the transformation is discontinuous, with complete transformation in the process zone and no transformation outside of it (see Budiansky et al., 1983 , for further information). Moreover, since both Yi and Gao (2000) and Yi et al. (2001) used the Eshelby equivalent inclusion method to obtain the change of the stress intensity factors, similar to the Hutchinson (1974) solution, it is valid only for an irreversible supercritical transformation; however, SMAs exhibit a nonuniform distribution of the transformation strain (subcritical transformation). Hence, none of the above investigations fully characterize the behavior of shape memory alloys resulting from crack propagation.
The first objective of this study is to obtain the transformation toughening behavior of shape memory alloys. The energy dissipation caused by the high stresses in the transformation zone in the vicinity of the crack tip plays a major role in the transformation toughening of the alloy. Since this dissipation depends upon crack advance, the outcome of this approach is a crack growth resistance curve.
It may be pointed out that the yield stress of shape memory alloys is far greater than the transformation stresses. For example, the yield stress of Nitinol was found to be 1, 058 MPa (see McKelvey and Ritchie, 2001 ). This value may be one to several orders of magnitude larger than the effective stress which induces a martensite transformation. Hence, the plastic zone will be well within the martensite transformation region and may be neglected.
In conventional linear elastic fracture mechanics, the crack tip is characterized by a single macroscopic parameter such as the stress intensity factor (K I , K II or K III ) or a corresponding energy release rate. This approach is commonly used, but it cannot account for the case in which the crack growth resistance increases with crack length, as a result of energy dissipation. To solve this problem, a cohesive zone model is adopted. This model was first proposed by Barenblatt (1959 Barenblatt ( , 1962 and Dugdale (1960) as an alternative approach to singular crack tip behavior. With this concept, the stresses ahead of the crack tip are bounded, and a traction-separation law is proposed to describe the fracture process. Once the energy in the process zone approaches the critical Griffith energy release rate, the crack propagates.
Although this concept was investigated extensively by many researchers, most of these studies differ from each other by the specific traction-separation law. For example, Needleman (1987) used a potential function to obtain a polynomial law, and investigated particle-matrix decohesion. Tvergaard and Hutchinson (1992) examined the crack growth resistance in elasto-plastic materials using a law in which the traction initially increases linearly with crack opening displacement (COD) reaching a region in which the traction is a constant for increasing COD. In the last stage of separation, the traction decreases linearly. On the other hand, Geubelle and Baylor (1998) used a bilinear traction separation law and examined a delamination caused by low velocity impact.
It is commonly assumed that cohesive zone models may be described by two independent parameters, which may be any two out of three parameters, namely, cohesive energy Γ c , cohesive strength t 0 and the critical separation length δ c . Consequently, the second objective of this study is to examine the relation between these parameters and the crack growth resistance. Several other related issues, such as the shape and size of the initial transformation zone, the effect of the Young's moduli ratio on crack resistance, and the contribution of reverse transformation are explored.
This paper is organized as follows. First, the chosen constitutive model is described in Section 2. In Section 3, it is used to obtain the approximate size and shape of the initial transformation zones. Then, a one-dimensional cohesive interface element for a bilinear traction-separation law is described in Section 4. Finally, in Section 5, numerical results are presented and discussed. Both forward and reversed transformations are considered.
2 Constitutive modeling of monolithic shape memory alloy
The macroscopic mechanical behavior of SMAs is usually modeled from either a phenomenological or a micromechanical point of view. Most of the existing three-dimensional phenomenological models were derived in the spirit of plasticity or viscoplasticity, with an internal variable such as the martensite fraction. Among these models, the most acknowledged work is that of Lagoudas (1996a, 1996b) . Later, Souza et al. (1998) and Auricchio and Petrini (2002 , 2004a , 2004b introduced models which agree well with experimental observations, in particular multi-axial tests. The great advantage of these types of phenomenological models is that they can be easily implemented in numerical schemes, such as finite element analysis.
Other researchers, such as Patoor et al. (1996) and Lu and Weng (1997) , used a micromechanics approach. The crystallographic behavior within the material was closely followed. These models are obviously much more complicated than the phenomenological models, but they appear to offer the best approach to describe the three-dimensional behavior of SMAs. Nevertheless, since these models cannot be implemented in a straight forward manner into a numerical scheme, a phenomenological model is used in this investigation.
In this study, the model proposed by Panoskaltsis et al. (2004) is employed. This phenomenological model is based on a general framework for the derivation of the general three-dimensional thermomechanical governing equations for shape memory alloys. The framework is a combination between generalized plasticity theory and the theory of continuum damage mechanics. Moreover, it is possible to describe different material moduli for austenite and martinsite.
As in many other models, this model employs only one internal variable, namely the scalar ξ which describes the martensite fraction, so that 0 ≤ ξ ≤ 1. The general form of the transformation surface is taken as a von Mises type surface, and given by
where σ is the Cauchy stress tensor, J 2 = s : s/2 is the second invariant of the deviatoric stress tensor s, C is a material property, T is the current temperature and the loading surface F (σ, T ) is constant. For the austenite to martensite transformation, the surface is given by
where C M is the slope of the one-dimensional stress-temperature diagram for martensite behavior (see Fig. 1b ). By introducing F Ms and F M f as the loading surfaces at the beginning and the end of the transformation, it is possible to write that
where M s and M f represent the martensite start and finish temperatures, respectively. It should be noted that the product F Ms F M f is negative only during the austenite to martensite phase transformation. Hence, the expression for evolution of the martensite fraction during the forward transformation is given bẏ
where · is the Macauley bracket, defined as x = (|x| + x)/2 and the dot above a quantity represents its increment. Evolution of the transformation strain tensor, or the so called 'flow rule', is given aṡ
where L is a material constant, which represents the maximum inelastic strain, and n is the normal to the transformation surface, and defined by
where the effective stress is given bȳ
Similarly, for the martensite to austenite transformation, the loading surfaces are defined as
where C A denotes the slope of the one-dimensional stress-temperature diagram for austenite behavior. As in the forward transformation, the product F As F A f is negative only for an evolving backward transformation. Evolution of the martensite fraction during the backward transformation is
and the flow rule is the same as in eq. (5).
Finally, the constitutive law is given by
where C is the standard isotropic stiffness matrix but its components depend upon the internal variable ξ as
and
where E A , E M , ν A and ν M are the Young's moduli and Poisson's ratios of austenite and martensite phases, respectively, and m is a positive material parameter, which controls the slope of the stress-strain curve.
The stress-strain behavior of the material may be separated into several different branches. It is clear that ifḞ M > 0, a forward transformation occurs, while a backward transformation occurs ifḞ A < 0. Since only one internal variable is considered,Ḟ M =Ḟ A ; hence, only one phase transformation is active at any given time. Consequently, the forward and backward transformations may be decoupled into two separate criteria by defining For a forward transformation,
For a backward transformation,
A numerical scheme for implementation of the constitutive model is presented in Appendix A.
The response of the material during an isothermal strain-driven uniaxial loadingunloading test is shown in Figs. 2a and 2b for the cases when M s < T < A s and A s < T < A f , respectively. In the analyses, the Young's moduli are taken as E M = 500 MPa and E A = 1500 MPa, the Poisson's ratios ν A = ν M = 0.3, the transformation temperatures are M s = 70
• C, the slopes of the stress-temperature relation
MPa/ • C, the maximum inelastic strain L = 0.1 and m = 1 in eqs. (11) and (12). These results agree exactly with those of Panoskaltsis et al. (2004) .
Approximate size and shape of the transformation zones
In this section, the size and shape of the transformation zones are obtained by means of an elastic analysis. This derivation generalizes a similar derivation, presented by Yi and Gao (2000) for plane stress conditions with a different constitutive model. The main assumption is that the material near the crack tip is fully transformed, and this region is sufficiently small, so that the small scale transformation zone assumption may be invoked. Thus, linear elastic fracture mechanics is adequate for this problem. The stress field remote from the crack tip is governed by the applied stress intensity factor K app I as
where r and θ are the crack tip polar coordinates, and f ij are given by
see, for example, Anderson (2005, p. 44) . Since the material in the vicinity of the crack tip is fully transformed, there is a disturbance to the stress field in this region. As a result, the stress field is governed by a crack tip stress intensity factor K tip I with
The crack propagates when K tip I reaches the fracture toughness K Ic . The toughness change due to the transformation is given by
If ∆K > 0, transformation toughening occurs.
By using the J-integral, it may be shown that ∆K = 0 for the initial transformation zone, where there is no crack growth. Since the J-integral is not defined for the case of unloading, it is assumed that K app I is monotonically increasing. This is similar to the applicability of the J-integral to elasto-plastic cracked bodies which follow a deformation plasticity theory. For plane strain conditions, on a contour Γ chosen remote from the crack tip, J is evaluated as
while an identical calculation for a contour just outside the transformation zones yields
By path independence, it follows that
Next, the boundary of the martensite transformation zone is determined. It is affected by both the remote stress intensity factor K app I , and the stress intensity factor governing the region near the crack tip K tip I . The boundary of the transformation zone may be determined as the average value of K app I and K tip I (see Evans, 1984) , so that
For mode I loading, using the assumption of a small scale transformation zone, the stress field is given by
with
and the functions f ij are given in eq. (17).
The limit function of Panoskaltsis et al. (2004) is given in eq. (3) for a forward transformation. Substituting eqs. (23) and (24) into eq. (3) 2 , with some manipulations, yields
where
A similar derivation was carried out by Yi and Gao (2000) for a martensite transformation under plane stress conditions. Equation (25) describes the transformation zone closest to the crack tip for ξ = 1 which is a full martensite transformation (see Fig. 3a for plane stress conditions). In Fig. 3 , the length parameters have been normalized with respect to the quantity
so thatx = x/L,ŷ = y/L, and R(θ) = r f /L. As expected, the same zone is found for plastically deforming material with C M (T − M f ) replaced by the yield stress σ Y . As an example, consider a temperature such that T > A f , as shown in Fig. 1b . The curve described by eq. (25) corresponds to the locus of points at which the effective stress is at point 3 in this figure. For the value of the effective stress at point 2 in Fig. 1b , the curve describing the transformation zone is given by r s = 1 2π
This situation corresponds to ξ = 0 in which the material outside of this zone is completely austenitic (see Fig. 3a ). The material between these two curves is a mixture of martensite and austenite with 0 < ξ < 1. To represent the curve described by eq. (29), the normalized parameter
is defined. Thus,
It may be noted that the curves in Fig. 3a are valid for ρ > 1. The value of ρ = 2 was used to obtain the graph, hence the values shown on the axes. The same curves may be obtained in Fig. 3a for
, the curves are redrawn for plane strain conditions with ρ = 2 and Poisson's ratio ν = 0.3 in Fig. 3b . It may be observed that the scales are different for plane stress and plane strain. As expected, the transformation zones governed by plane strain are smaller than those governed by plane stress. For M f < T < M s , there is only a fully transformed region near the crack tip. The material outside the transformation zone is a mixture of austenite and martensite (0 < ξ < 1). For this case, a comparison of the transformation zones for plane stress and plane strain is illustrated in Fig. 3c (ρ = −2, ν = 0.3). Finally, for T < M f , there is no phase transformation between austenite and martensite, and reorientation of martensite variants occurs. The chosen model in this study does not describe this phenomenon.
It may be noted that in this section the shape and size of the transformation zones are derived with the aid of linear elastic fracture mechanics. However, in the sequel, the behavior of the transformation regions is governed by a cohesive zone model. The shape and size of the initial transformation zones are similar to those in Fig. 3b . The above derivation may be considered as an approximation of the numerical results.
A cohesive interface element
To obtain more exact transformation zones, as well as the transformation toughening behavior of SMAs, a cohesive zone model is employed to simulate quasi-static crack propagation. This model assumes the existence of a zone ahead of the crack tip where stresses are non-zero but not infinite, and relative displacements (i.e. the crack opening or sliding displacement) can occur. This method may be numerically implemented using an interface element, with different traction-separation laws.
There are several cohesive zone models that are suitable for mixed mode deformations. In general, laws are written for each mode and then coupled for mixed modes, either by using an effective displacement or by defining coupling parameters. For example, the exponential cohesive law of Xu and Needleman (1993) is governed by two coupling parameters, which relate the ratio between the energy release rates of pure modes I and II and the relative displacements. However, it was recently shown by van den Bosch et al. (2006) that this model does not satisfy zero traction of both modes simultaneously at crack propagation, unless the energy release rates of each are chosen equal. Unfortunately, this assumption is not generally correct. On the other hand, a non-dimensional effective crack separation was assumed by Tvergaard and Hutchinson (1993) which overcomes this problem. In this study, the bilinear law which corresponds to an appropriate failure criterion, as exploited by Alfano and Crisfield (2001) is employed. This element is one-dimensional, which is suitable for two-dimensional analyses, and consists of a fracture criterion for mixed mode delamination. The interface element is considered to be of zero thickness (h = 0) in the non-deformed state and is modeled by 4-noded linear elements, as shown in Fig. 4 . At a given point of the interface, the relative displacement and the corresponding traction are denoted by δ = [δ 1 , δ 2 ] T and t = [t 1 , t 2 ] T , respectively. The relative displacement vector is obtained from
T , j refers to the global reference system and u j and v j are the displacements in the x and y-directions, respectively. The matrix B is given as
where N 1 = (1 − η)/2 and N 2 = (1 + η)/2 are the linear one-dimensional shape functions.
The first step in the derivation of the interface element is to describe the uncoupled traction-separation laws for modes I and II. The laws, illustrated in Fig. 5 , are bilinear. Since in mode I, penetration must be avoided, it is not symmetric. The first part of the constitutive law is a linear relation between the traction and the relative displacement with a slope K i (where i = 1, 2 for modes I and II, respectively). Hence, in this region,
no summation implied. The parameter δ 0i is the elastic limit of the relative displacement, so that the maximum traction is given by t 0i = K i δ 0i . The second part of the constitutive law exhibits softening behavior. As δ i approaches δ ci , its critical value, the corresponding traction vanishes; hence, the crack propagates a small increment. Concurrently, the critical energy release rate or Griffith's energy Γ ci is reached. Alfano and Crisfield (2001) claim that, below sufficiently small values, δ 0i has a very small effect on overall material response. The choice of this parameter is related to the stiffness parameters K i and the cohesive strengths t 0i . However, Alfano and Crisfield (2001) suggest choosing K i as penalty parameters, so that δ 0i may be taken as small as possible, as long as it is within a range that avoids ill-conditioning of the tangent modulus matrix. This has been checked here and seen to be correct. Hence, δ 0i may be chosen arbitrarily, as long as δ 0i δ ci . In this case, the energy release rate results in
The remainder of the constitutive law may be expressed by
for complete debonding.
In Alfano and Crisfield (2004) , mixed mode deformation was treated by two constitutive laws which were related to each other via a failure criterion. The fracture criterion was taken as
where Γ 1 and Γ 2 are the cohesive energies in modes I and II, respectively, Γ c1 and Γ c2 are the critical cohesive energies of the uncoupled constitutive laws (see Fig. 5 ), that are determined from appropriate tests for each mode and 2 ≤ α ≤ 4. Details are presented in Appendix B.
To implement the interface element, the internal force vector q is given by
where is the length of the interface element in the global reference system. The finite element equation is given in incremental form as
and K t is given in eq. (B.7).
A difficulty with this coupled law is that for complete debonding it is necessary that t = 0 which is usually not obtained simultaneously for modes I and II. However, choosing t 1 = 0 with t 2 = 0 implies that F 11 = F 22 (see Appendix B). Since δ 01 and δ 02 can be chosen arbitrarily in such a way that ill-conditioning is avoided, then assuming δ 01 /δ c1 = δ 02 /δ c2 leads to t 1 = t 2 = 0.
From a computational point of view, Schellekens and de Borst (1993) showed that a Gauss quadrature integration rule is not recommended for interface elements. Instead, a Newton-Cotes integration rule was found to exhibit superior performance. In particular, for linear elements, it was shown that when a Gauss quadrature integration rule was used, there was coupling between the crack crack (a) (b) degrees of freedom of nodes in opposing sides of the interface element which results in an oscillation of the traction profile. This phenomenon however, does not occur when using a Newton-Cotes integration rule. Furthermore, Alfano and Crisfield (2001) showed that a high number of integration points does not necessarily yield a more accurate estimation of the stiffness and traction. They found that in some cases, the increased number of integration points turns out to be less robust; consequently, a smaller incremental time step is needed. Conversely, higher stability is achieved with two integration points and a larger average time step.
Problem formulation and numerical results
In this section, the relations between the cohesive zone fracture parameters and the crack growth resistance of shape memory alloys are determined by means of resistance curves for two temperature ranges. To this end, plane strain, mode I analyses are carried out for conditions of small scale transformation. The body considered is a disk of radius and crack length R 0 as shown in Fig. 6a . Both constitutive equations of shape memory alloys and the cohesive zone interface elements (described in Sections 2 and 4) are implemented as user supplied subroutines in ADINA (Bathe, 2006) . The finite element mesh consists of 21,620 4-noded isoparametric elements with 21,671 nodal points, as well as 124 linear 4-noded interface elements with 250 nodal points (see Figs. 6a and 6b) . A two point Newton-Cotes integration rule is used for the interface elements, together with the failure criterion in eq. (38) for α = 2, namely
The interface elements are located along the path of the propagating crack (on the symmetry line). The bilinear traction-separation law, described in Appendix B, is implemented with these interface elements. Since only mode I deformation is considered, δ = [δ 1 , 0] T , the traction-separation law in eq. (B.3) reduces to
with t 2 (τ ) = 0 and
While displacement boundary conditions are applied to the outer boundary of the body, the crack faces remain traction free. The displacements are taken as the first term of the asymptotic displacement field with a prescribed value for the stress intensity factor, and material properties of the austenite, which is the stable phase in the far field. The far field stress intensity factor K app I
is monotonically increased until crack propagation is reached based upon eq. (42). Upon this initial crack propagation, the applied stress intensity factor K An important issue that is worth discussion is selection of the crack tip position. Unlike traditional fracture mechanics, where the crack tip is defined by a single point, a cohesive zone represents a region of separation; hence, the location of the crack tip should be somewhere within this region. For a bilinear traction separation law, as shown in Fig. 5a , one may consider three different locations of the crack tip, namely δ tip = 0, δ tip = δ 0 or δ tip = δ c , as discussed in Li and Chandra (2003) for crack tip plasticity. Note that δ ≡ δ 1 and t ≡ t 1 . In their study, they considered δ tip = δ 0 as the location of the crack tip. In particular, they claimed that the process zone ahead of the crack tip is associated with the cohesive energy of the region 0 ≤ δ ≤ δ 0 , while the wake of the crack is associated with the energy between δ 0 and δ c . Other choices, such as δ tip = 0 or δ tip = δ c , cannot properly describe the different macroscopic processes that occur in the region of the crack tip. For instance, choosing δ tip = 0 as the location of the crack tip suggests that the entire energy is absorbed in Table 1 Material properties that were used for the material model (see Section 2).
the wake of the propagating crack. However, there are macroscopic processes such as damage, that occur ahead of the crack tip. On the other hand, choosing δ tip = δ c as the crack tip implies that all of the cohesive energy is used for separation, and there is no active wake behind the crack tip. This is also less plausible, since it has been shown by Ritchie (1999) that micromechanical processes are active in the wake, as well as ahead of the crack. Consequently, the chosen crack tip position in this study is the point δ tip = δ 0 corresponding to the maximum traction t 0 .
Next, another reference length is defined as
which denotes the length of the outer transformation zone along the x-axis between the austenitic and partially transformed material for plane strain conditions (see Fig. 3b ). In eq. (45), ν * = (ν A + ν M )/2, where ν A and ν M are the Poisson's ratios of the austenite and martensite phases, respectively. Moreover, the length ∆ 0 is defined as the size of an element in the vicinity of the crack tip. In all calculations, a resolution of at least three elements in the transformation zones is attained. This resolution was examined and found to result in convergence. To ensure a small scale transformation, the ratio R 0 /∆ 0 = 625 is chosen; recall that R 0 is the radius of the body. The material properties used in this part of the study are presented in Table 1 .
The normalized intensity of the transformation ω is defined by
where E * = (E A +E M )/2, E A and E M are the Young's moduli of the austenite and martensite phases, respectively, and L represents the maximum transformation strain as given in eq. (5). In this study, the values of ω are taken as 5 and 20. In Figs. 7a and 7b, the crack resistance curves (R-curves) for these values of ω are illustrated for a constant temperature of M s < T < A s ; hence, no reverse transformation occurs. A reference temperature T = 0 • C is chosen. It may be noted that for this temperature and the temperature values in Table 1 , ρ = 5 in eq. (30). Although the outer transformation zone in Fig. 3 is still small with respect to R 0 , the proportions between the inner and outer transformation zones have changed. Recall that ρ = 2 was used to obtain the curves in Fig. 3 . Maximum transformation strains L of 0.03 and 0.06 are used for ω = 5 and 20, respectively. In both figures, R-curves are obtained for different values of t o /σ, where t 0 is the maximum normal traction for mode I separation (see Fig. 5a ), and
is the effective stress that induces the isothermal martensitic transformation. In all cases, transformation toughening is observed. After the crack has advanced at least one order of magnitude past the original transformation zones as seen in Fig. 7a , K app I reaches a steady state value, denoted here by K ss . However, it is pointed out that with the analyses presented here, transformation softening cannot occur after a peak value of K app I /K tip I is reached. With the interface elements used in the analyses, once the R-curve reaches its highest value, the crack propagates rapidly. Nevertheless, from an engineering point of view, K ss is an appropriate design parameter.
Values of K ss /K tip I are presented in Table 2 for various values of t 0 /σ. It is clear that K ss /K tip I increases with increasing t 0 /σ. For higher values of t 0 /σ, a larger transformation zone develops ahead of the crack tip, and higher energy dissipation occurs upon crack propagation. As a result, the steady state resistance K ss increases. For t 0 /σ higher than the values studied here, the transformation zone is no longer small, and crack tip blunting should be considered. That is, with increasing values of K app I , the crack undergoes increased blunting, and its propagation becomes slower in the sense that more applied load is needed for an increment of crack propagation. For t 0 /σ = 1.5, for example, a small transformation zone develops and the energy dissipation is small compared to that obtained when t 0 /σ = 3. For values of t 0 /σ < 1.5, the R-curve is nearly flat.
Similar behavior is observed for ω = 20, as presented in Table 2 and Fig. 7b . The reader may note that the values of K ss /K tip I obtained here are higher with respect to those for ω = 5. It may be observed in eq. (46) that the intensity parameter ω is strongly dependent upon the transformation strain L . Hence, higher values of ω are associated with larger transformation strains and the energy dissipation resulting from the transformation zone is significantly higher. Consequently, the values of K ss /K tip I increase with the ratio t 0 /σ.
The effect of a reverse transformation on the resistance curves is examined in Figs. 8a and 8b for ω = 5 and ω = 20, respectively. An isothermal transformation with A s < T < A f (see Fig. 1b ) is examined in this case. A nondimensional parameter
is introduced. This parameter measures the amount of reverse transformation, so that for β ≤ 0, no reverse transformation occurs, and β = 1 yields full recovery of the transformation strains. In the analyses that are illustrated in Figs. 8a and 8b, β = 0.5 (or T = 12.5 • C). For this temperature value, the parameter ρ in eq. (30) is 1.3. Hence, the inner and outer transformation zones are closer to each other as compared with those in the previous example. The reader should recall that L c is only an approximation of the length of the transformation zone (in the presence of a singularity). However, in the cohesive zone model, the stresses are bounded in the vicinity of the crack tip, and consequently, the stress singularity vanishes. Hence, the actual size of the transformation zones differ in these analyses from the theoretical sizes that are presented in Section 3. Nonetheless, there are at least three finite elements ahead of the crack tip in the transformation zones.
Prior to crack growth, no unloading occurs in the material. The reverse transformation occurs only in the wake of the propagating crack. From Figs. 8a and 8b, as well as Table 2 , it is observed that the reverse transformation reduces values of K ss as compared to those obtained in Fig. 7 for a forward transformation only. Note that the scales in Figs. 7 and 8 differ. The energy dissipation in the wake decreases as a result of the reverse transformation. For higher values of t 0 , the reverse transformation is more intensive; hence, less energy dissipation occurs. Since there is still a forward transformation ahead of the crack tip, the values of K ss increase with increasing t 0 /σ. In Fig. 9a , the initial transformation zones are illustrated, as obtained by the finite element analysis for ω = 20, t 0 /σ = 2 and β = 0.5. Upon crack propagation, a partial recovery of the transformation strains in the wake occurs, as shown in Fig. 9b for these values of the parameters.
Comparison between the results from Figs. 7 and 8 are summarized in Fig. 10 . The ratio K ss /K Finally, the effect of the Young's moduli ratio E A /E M is considered. It should be mentioned that this ratio varies for different compositions of shape memory alloys. For example, E A /E M ≈ 1 in copper based shape memory alloys, while the same ratio for Nitinol is almost 3. The effect of this ratio on the steady state values for different choices of t 0 /σ and ω = 5 is illustrated in Fig. 11 . It may be observed that the ratio K ss /K * ss increases with increase of the moduli mismatch. The parameter K * ss is the steady state stress intensity factor for the case of no material mismatch, i.e. E A /E M = 1. For E A /E M = 3, K ss /K * ss = 1.13 and 1.19 for t 0 /σ = 2 and t 0 /σ = 3, respectively. This behavior conforms with that obtained by Yi and Gao (2000) by means of Eshelby's equivalent inclusion method, together with weight functions. 
Summary and conclusions
In this investigation, the behavior of cracks in shape memory alloys was studied. Upon isothermal loading, two transformation zones are generally observed in the vicinity of the crack tip: the fully and partially transformed martensite zones. At a distance from the crack tip, there is an austenite region. The zones near the crack tip were derived from the first term of the asymptotic solution for linear elastic material. With this assumption, it was found that the shape of the regions in the neighborhood of the crack tip coincide with the shape of the plastic zone in plastically deformed materials; while the size of these zones is governed by a thermally dependent variable, which is analogous to the yield stress in plasticity.
Next, the transformation toughening behavior of shape memory alloys for mode I deformation was numerically obtained by means of resistance curves. Crack propagation was modeled using a cohesive zone with linear interface elements and a bilinear traction-separation law. From the results presented here, it was observed that for a fixed cohesive energy Γ c , the resistance curves were sensitive to the normalized maximum traction in the cohesive zone t 0 /σ. An increase of this ratio produced an increase in the steady state stress intensity factor K ss . This results from a relatively large transformation zone and significant energy dissipation. Consequently, a higher applied load is needed for crack propagation.
The effect of a reverse transformation on the transformation toughening of the alloy was examined as well. It was seen that transformation toughening depends upon the amount of reverse transformation. Values of the steady state stress intensity factor for different values of t 0 /σ decreased as a result of the reverse transformation which decreases the amount of energy dissipation in the wake. Consequently, the applied load that is required for crack propagation also decreased.
Finally, the effect of the moduli mismatch between the austenite and martensite phases on the transformation toughening of shape memory alloys was examined. It was found that this mismatch produced an increase in the steady state stress intensity factor; hence, from a fracture mechanics point of view, shape memory alloys that exhibit this mismatch are preferred.
As further work, the effect of mixed mode deformation on the transformation toughening of shape memory alloys may be examined. In this case, the crack does not necessarily propagate in the direction ahead of the crack tip, but in a direction that depends on the mode mixity. Hence, a different approach should be considered. Another option is to investigate the behavior of delaminations between a laminate composed of shape memory alloy fibers embedded in a polymer or metal matrix and an isotropic, homogeneous medium. Finally, the problem of shape memory alloy fiber debond may be studied and examined for different traction separation laws.
A Time discrete constitutive model of SMA where I is the identity matrix, the normal to the transformation surface n is given in eq. (6), (A.3) for the case of a forward transformation, and ory alloys under mixed-mode loading due to martensite transformation. International Journal of Solids and Structures 38(24-25), 4463-4476.
